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ABSTRACT

Radiative heat transfer between two media separated by a sub-wavelength distance
(the dominant wavelength of thermal radiation at room temperature is around 10 m.) is
referred to as near-field radiative heat transfer (NFRHT). Graphene was found to have one
of the greatest levels of NFRHT [1]. Additionally, NFRHT of graphene can be modulated
externally via application of a bias voltage to the material [1][2], thereby altering its Fermi
energy level. As such, graphene is an ideal candidate for several applications such as
NFRHT for thermal switching, nano-gap thermophotovoltaic waste heat recovery, and
thermal rectification. Modulation ratios as large as 77.7274 was predicted for NFRHT
between two free-standing graphene sheets by a gap of 195 nm. However, the effects of
substrate material on NFRHT magnitude and modulation ratios have not been studied for
graphene. In this thesis, we numerically study the effects for 33 dielectric and 6 metallic
substrates on the magnitude and modulation ratio of NFRHT. The total heat flux and
modulation ratio, characterized by the flux at different chemical potentials and separation
distances, were calculated. NaF, with a ratio of 23.5535 at a separation of 100 nm, was
selected as the most promising candidate. Thin substrates were also studied, which showed
significant deviations from the bulk for certain materials. Additionally, temperature
variations were calculated, which showed a nonlinear decrease of the modulation ratio as
the temperature of the emitting graphene was increased.
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1. INTRODUCTION

Thermal radiation is the process of energy flow from a body above absolute zero
temperature via emission of electromagnetic waves. In the context of radiative heat transfer,
the net effects of the energy flow between bodies through both the absorption and emission
were studied. Thermal emissions occur as both a propagating (described by Planck’s
blackbody radiation [3]) and evanescent electromagnetic waves. Radiative heat transfer
and thermal radiation are said to be in the near-field regime when the distance between the
bodies exchanging energy or the distance at which the emitted energy is observed is less
than the thermal wavelength of the bodies. Thermal emission is a broadband phenomenon,
whereby the electromagnetic waves emitted occur at a range of wavelengths. Wein’s
displacement law [3] gives the dominant emitted wavelength, which has a value of 𝜆max ≈
10 m at room temperature. Near-field radiative heat transfer (NFRHT) contains an
additional contribution from evanescent waves which exponentially decay normal to the
surfaces within a distance of 𝜆. This additional contribution for NFRHT differs from farfield radiative heat transfer (FFRHT), whereby Planck’s blackbody radiation holds.
Moreover, NFRHT can exceed FFRHT by several orders of magnitude at low separation
distances, where the evanescent contributions dominate over the propagating, which make
up all the FFRHT. Evanescent waves can be radiated from an emitter via total internal
reflection of propagating waves at the emitter-free space interface or through emission of
electromagnetic surface waves such as surface phonon polaritons (SPhPs) and surface
plasmon polaritons (SPPs). Both SPhPs and SPPs radiate along the emitter-free surface
interface, where they are evanescent in both media. Thus, in the near-field regime, the
5

effects of evanescent waves must be accounted for in the study of the energy transfer, in
addition to the distribution caused by emitted waves in Planck's study of blackbody
radiation. Moreover, the contribution of the evanescent waves become the dominant mode
of transfer for low separation distances. The addition of evanescent waves leads to quasimonochromatic thermal emission, which were reported to be of use in the optimization of
nano-gap thermophotovoltaic devices employed in waste heat recovery. Additionally, the
behavior of quasi-monochromatic thermal emission in the near-field regime has
applications in thermal management of electronics, and the development of thermal
switches. The choice of graphene as a material was due to its relatively high electrical
mobility along the plane as well as its highly confined surface plasmon-polaritons, which
allows for strong interactions between the material and light. This in turn gives relatively
high levels of NFRHT for graphene, making it a desirable candidate for applications
involving thermal switching. Moreover, the two-dimensional state of graphene enables
relatively easy tuning of optical properties with the introduction of free electrons and holes
through chemical doping of the material. Due to these properties of graphene, many studies
regarding the use of graphene as a viable material have been published [1] [4]. The papers
provide theoretical data for the use of graphene sheets as a viable thermal switch, whereby
the heat conductance can be altered. The thermal conductance for the sheets is related to
the chemical potential of the graphene, such that the thermal conductance can be tuned
through the introduction of an electrical bias across the sheets [1] [2]. The tuning causes
the graphene to have a relatively high contrast in total heat flux 𝑄 between an “on” and
𝑄

“off” state, characterized by the modulation ratio 𝜂 = 𝑄 on . The paper by Ilic et al. [4]
off

provides computational and analytical results for different configurations of pure graphene
6

sheets. However, due to the two-dimensional nature of graphene, which is one atom thick
with a thickness of around 0.34 nm, a viable substrate must be used to support it in practical
applications. For the project, we conducted numerical calculations of the graphene sheets
with the addition of substrate materials. A comprehensive and iterative study on available
substrates was done, consisting of 33 dielectrics and 6 metals. Emphasis was placed on the
heat transfer rate and the modulation ratio, whereby the optimal configuration is the
substrate that provides a relatively high modulation ratio and total heat flux. The
demonstration of the tunability of near-field thermal radiation of graphene provides further
insight into the implementation of graphene as a material for a thermal switch device.

7

2. THEORY

The system under study is shown in Figure 1, where two graphene sheets separated by a
vacuum layer (medium 0) of thickness 𝐷 and are placed on two substrates (media 1 and 2)
all surrounded by vacuum (media 3 and 4). The substrates have thickness 𝑡1 and 𝑡2 , and
temperatures 𝑇1 and 𝑇2

3
𝑇1

0
𝑇2

𝑡1

1
𝑧

2

𝐷
𝑡2

4
Figure 1. The system under study. Two on-substrate graphene sheets, separated by a vacuum gap of size 𝐷,
are exchanging thermal radiation through the difference in temperatures 𝑇1 and 𝑇2 .

For the calculations, the bulk properties of the system are considered (i.e., 𝑡1 and 𝑡2 are
infinite and the surrounding vacuum layers at interfaces 3 and 4 are not considered). The
total radiative heat flux 𝑄tot , which varies as a function of separation distance 𝐷 and
chemical potential μ𝑐 , can be found by integrating the spectral (i.e., frequency dependent)
heat flux as
∞

𝑄tot (𝐷, μ𝑐 ) = ∫ 𝑞ω (𝐷, μ𝑐 )𝑑ω ,

(1)

0

where 𝑞ω is the spectral heat flux. The spectral heat flux is obtained using fluctuational
electrodynamics [5] as
8

𝑘0

∞

TM
TM
θ(ω, 𝑇)
TE
TE
𝑞ω =
𝑑𝑘ρ ] ,
[∫ ζprop + ζ 𝑑𝑘ρ + ∫ ζevan + ζ
2
evan
4π
prop
0

(2)

𝑘0

where 𝑘0 is the magnitude of the wavevector in vacuum, 𝑘ρ is the component of 𝑘0 parallel
to the interface between the graphene and vacuum, and ζ is a function of the Fresnel
reflection and transmission coefficients at the interfaces. The superscripts “TE” and “TM”
indicate transverse electric and transverse magnetic polarization states, respectively. These
states describe the orientation of the components of the electromagnetic waves in the
transverse directions. (perpendicular to the direction of wave propagation.) The subscripts
“prop” and “evan” indicate propagating and evanescent waves, respectively. The quantity
θ is the mean free energy of a Planck oscillator at a state with frequency ω and temperature
𝑇 given by [3]

θ=

ℏω
𝑒ℏω/𝑘B 𝑇

−1

,

(3)

where ℏ is the reduced Planck’s constant and 𝑘B is the Stefan-Boltzmann constant. The
functions ζ have the form
ζαprop =

(1 − |𝑟α01 |2 − |𝑡α01 |2 )(1 − |𝑟α02 |2 − |𝑡α02 |2 )

ζαevan =

2

|1 − 𝑟α01 𝑟α02 𝑒𝑖2𝑘0𝑧 𝐷 |

4Im(𝑟α01 )Im(𝑟α02 )𝑒−2Im(𝑘0𝑧𝐷)
2

|1 − 𝑟α01 𝑟α02 𝑒𝑖2𝑘0𝑧 𝐷 |

,

,

(4)

(5)

where the superscript 𝛼 corresponds to either TE or TM polarization, 𝑟𝑎𝑏 is the Fresnel
reflection coefficient between mediums 𝑎 and 𝑏, 𝑡𝑎𝑏 is the Fresnel transmission coefficient
between media 𝑎 and 𝑏, and 𝑘0𝑧 is the component of the wavevector in the vacuum layer
between the graphene that is perpendicular to the interface between graphene and vacuum
9

(the 𝑧-direction in Figure 1). The Fresnel coefficients for the two polarizations are found
as [5]
𝑘𝑎𝑧 − 𝑘𝑏𝑧 − σμ0 ω
,
𝑘𝑎𝑧 + 𝑘𝑏𝑧 + σμ0 ω

(6)

ϵ𝑎 𝑘𝑎𝑧 − ϵ𝑏 𝑘𝑏𝑧 + σ𝑘𝑎𝑧 𝑘𝑏𝑧 /ϵ0 ω
,
ϵ𝑏 𝑘𝑎𝑧 + ϵ𝑎 𝑘𝑏𝑧 + σ𝑘𝑎𝑧 𝑘𝑏𝑧 /ϵ0 ω

(7)

2𝑘𝑧𝑎
,
𝑘𝑎𝑧 + 𝑘𝑏𝑧 + σμ0 ω

(8)

𝑟TE
𝑎𝑏 =

𝑟TM
𝑎𝑏 =

𝑡TE
𝑎𝑏 =

ϵ𝑎
𝑘𝑏𝑧
2ϵ𝑏 𝑘𝑎𝑧
𝑡TM
,
)
𝑎𝑏 = √ Re (
ϵ𝑏
𝑘𝑎𝑧 ϵ𝑏 𝑘𝑎𝑧 + ϵ𝑎 𝑘𝑏𝑧 + σ𝑘𝑎𝑧 𝑘𝑏𝑧 /ϵ0 ω

(9)

where 𝑘𝑎𝑧 is the 𝑧-component of the wavevector in medium 𝑎, μ0 is the permeability in
free space, ϵ𝑎 is the dielectric function in medium 𝑎, and ϵ0 is the permittivity of free space.
The substrate material affects the heat flux through its dielectric function in (7) and (9).
For the dielectric substrates, the Lorentz model is appropriate [6] [7], with the dielectric
function given as

ϵ(ω) = ϵ∞

ω2 − ω2LO + 𝑖Γω
,
ω2 − ω2TO + 𝑖Γω

(10)

where ϵ∞ is the high-frequency dielectric constant, ωLO is the longitudinal optical-phonon
frequency, ωTO is the transverse optical phonon frequency, and Γ is the scattering rate (or
equivalently, the damping constant) of the phonons, which is dependent on the purity and
fabrication method of the material. For the study, the scattering rate was fixed at Γ =
8.97 × 1011 rad/s, which is typical for most of the substrates [1] [7] and the phonon
frequencies from the literature [8] [7] were used. For the conductivity of the graphene σ,
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the Kubo Model is used, where the conductivity is expressed as a sum of the intraband and
interband transitions of electrons,
σ(ω, 𝑇, μ𝑐 ) = σintra (ω, 𝑇, μ𝑐 ) + σinter (ω, 𝑇, μ𝑐 ).

(11)

The intraband (σintra ) and interband (σinter) contributions are [9] [10]
𝑞2𝑒 8𝑘B 𝑇 𝑙𝑜𝑔[2 𝑐𝑜𝑠ℎ(μ𝑐 /2𝑘B 𝑇)]
,
4ℏ
π(ℏγ − 𝑖ℏω)

(12)

𝑞2𝑒
4ℏω ∞ 𝐺(𝐸) − 𝐺(ℏω/2)
[𝐺(ℏω/2) + 𝑖
∫
𝑑𝐸] ,
4ℏ
π 0
(ℏω)2 − 4𝐸2

(13)

σintra =

σinter =

where 𝑞𝑒 is the electron charge, γ is the scattering rate of the electrons, and 𝐺 is a function
defined as
𝑥
𝑠𝑖𝑛ℎ (
)
𝑘B 𝑇
𝐺(𝑥) ≔
.
μ
𝑥
𝑐𝑜𝑠ℎ ( 𝑐 ) + 𝑐𝑜𝑠ℎ (
)
𝑘B 𝑇
𝑘B 𝑇

(14)

The scattering rate of the electrons in the medium is given by [11]
𝑞𝑒 𝑣2F
γ=
,
μ𝑒 μ𝑐

(15)

where 𝑣F is the Fermi velocity and μ𝑒 is the carrier mobility of the medium. The value of
μ𝑒 is also dependent on the fabrication of the graphene. In this study, we fixed the values
𝑣F = 9.5 × 105 m/s and μ𝑒 = 10000 cm2 /V-s , which fall within the range of typical
values [11]. Thus, (1) through (15) show that the heat transfer is dependent on the chemical
potential of graphene, which can be externally controlled via application of a bias voltage.
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It is then possible to control the magnitude of heat transfer externally by altering the voltage.
A switching ratio is defined as

η≔

𝑄on
,
𝑄off

(16)

where 𝑄on and 𝑄off are the maximum and minimum total heat flux at a fixed 𝐷 ,
respectively. Thus, to obtain a maximum value of η, we vary the values of 𝐷 and μ such
that at a given 𝐷, the value of (2) is maximized. Doing so gives the pair (η, 𝑄tot ), which
characterizes the modulation and heat flux of a given graphene-substrate system.

For the substrates with finite thickness, consider Figure 2.

𝑎
𝑏

𝑡𝑏

𝑐
Figure 2. Indices for the finite substrate and surrounding vacuum layers.

The theory for a finite substrate (i.e., 𝑡1 and 𝑡2 not infinite in Figure 1) can be adapted into
the previous equations with a change to the Fresnel coefficients. For each substrate, the
effective coefficients for a wave traveling in the configuration of Figure 2 are

𝑅𝑎𝑏 =

𝑟𝑎𝑏 + 𝑟𝑏𝑐 𝑒2𝑖𝑘𝑏𝑧 𝑡𝑏
,
1 + 𝑟𝑎𝑏 𝑟𝑏𝑐 𝑒2𝑖𝑘𝑏𝑧𝑡𝑏

(17)

𝑇𝑎𝑏 =

𝑡𝑎𝑏 𝑡𝑏𝑐 𝑒2𝑖𝑘𝑏𝑧 𝑡𝑏
.
1 + 𝑟𝑎𝑏 𝑟𝑏𝑐 𝑒2𝑖𝑘𝑏𝑧𝑡𝑏

(18)

Thus, for the configuration in Figure 1, can replace the 𝑟𝑎𝑏 in (5) and (6) with the
corresponding 𝑅𝑎𝑏 in (17) and (18). The conductivities in (5) and (6) are the same for 𝑅01 ,
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𝑅02 , 𝑇01 , and 𝑇02 , while the conductivities are set to zero for 𝑅14 = 𝑅10 , 𝑅25 = 𝑅20 , 𝑇14 =
𝑇10 , and 𝑇25 = 𝑇20.
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3. RESULTS

The radiative heat transfer was simulated for graphene on 33 dielectric and 6 metallic
substrates. Simulations for two different regimes of separation of distance was done. One
run consisted of 𝐷 ranging from 30 nm up to 100 nm. A more conservative range of 100
nm up to 200 nm is also done as it is experimentally more easily achievable.

3.1 VARIATION OF DISTANCE
For each substrate, the total heat flux 𝑄 was calculated with different values of 𝐷 at fixed
temperatures 𝑇1 = 300 K and 𝑇2 = 400 K. For each separation 𝐷, the chemical potential
𝜇𝑐 was varied from 0 eV up to 1 eV. A sample contour plot for NaF is shown in Figure 3,
with the plots for all other substrates in the appendix.

(a) Separation from 30 nm to 100 nm.

(b) Separation from 100 nm to 200 nm.

Figure 3. Contour plots of the total heat flux 𝑄.
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As shown in Figure 3, the value of 𝑄 tends to increase as 𝐷 decreases, since the evanescent
part of the radiation is the dominant mode of transfer, and it increases exponentially as 𝐷
decreases. To obtain the optimal configuration (high modulation ratio and high total heat
flux), we calculated the values of 𝑄 for each 𝐷 and found the minimum. For example, in
the case of Figure 1a at 30 nm, the minimum value of 𝑄 occured at 𝜇𝑐 = 1 eV. Thus, we
divided all values of 𝑄 at 𝐷 = 30 nm by the value at 𝐷 = 30 nm and 𝜇𝑐 = 1 eV. This
procedure was repeated for all 𝐷 in the domain, which resulted in a contour of the ratios
𝑄
,
𝑄off

where we considered the “off” configuration to be the minimum. The results for NaF

are shown in Figure 4, with all other substrates in the appendix.

(a) Separation from 30 nm to 100 nm.

(b) Separation from 100 nm to 200 nm.

Figure 4. Contour plots of the ratio 𝑄/𝑄off for each value of 𝐷.

Hence, from Figure 4, we observe that the ratios tend to increase with decreasing values of
𝐷, with the maximum occurring at the lowest possible value of 𝐷 for each regime. The
values for the 30 nm to 100 nm regime produced results that surpassed free-standing
graphene separated by 195 nm. However, for the 100 nm to 200 nm regime, the ratios
decrease significantly. (In the case of NaF, the modulation ratio decreased by a factor of
15

around 5.) Hence it is more desirable to obtain separation distances around 30 nm to
maximize the modulation ratio. Nevertheless, NaF is shown to be a promising candidate,
as it has a relatively high modulation ratio among the other substrates studied.

3.2 GRAPHENE IN VACUUM
The variation of distance for graphene in vacuum without a substrate was also calculated
for comparison, with example contour plots shown in Figure 5.

(a) Total heat flux.

(b) Ratio

𝑄
for each value of 𝐷.
𝑄off

Figure 5. Total heat flux and effective ratios for graphene without substrate for 𝐷 ranging from 100 nm to
200 nm.

From Figure 5, we observe that the total heat flux decreases as the value of 𝐷 increases,
but the modulation ratio increases with 𝐷. The results for several values of 𝐷 are shown in
Figure 6, where the modulation ratio is for the maximum
corresponding 𝑄.
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𝑄
𝑄off

at each 𝐷 , with a

Figure 6. Variation of total heat flux and modulation ratio for graphene in vacuum. The numbers in the
labels indicate the spacing 𝐷 in nm.

As Figure 6 shows, the NFRHT of free-standing graphene exhibits a transition around 𝐷 =
100 nm, where it shifts from decreasing ratio with increasing 𝐷 to increasing ratio with
increasing 𝐷.

3.3 COMPARISON OF THE SUBSTRATES
For each material, the data from the contours were extracted and the optimal values of 𝐷
were found. In the case of Figure 4a, the optimal 𝐷 is at 30 nm, with a corresponding ratio
𝑄

of 𝑄 = 111.4641. Likewise, in the case of Figure 4b, the optimal 𝐷 is at 100 nm, with a
off

𝑄

corresponding ratio of 𝑄 = 23.5535. The results are shown in Figure 7.
off
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(a) Separation from 30 nm to 100 nm.

(b) Separation from 100 nm to 200 nm.
Figure 7. Total heat flux at maximum modulation ratio for bulk substrates.

For the case of separation from 100 nm to 200 nm, the materials NaF, KCl, RbCl, and BaF2
have the most desirable characteristic of a high value of 𝑄 and modulation ratio. However,
we note that NaF, KCl, and RbCl are more common in powder form [12] [13] [14] [15],
and procurement of solid crystalline forms for use as substrate materials is more limited
compared to BaF2. As such, while BaF2 has a lower modulation ratio, it is still comparable
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to the other three and is a promising candidate due to better availability of the material in
a solid crystalline form. Additionally, we observed that LiF is another promising candidate
as it is a more readily available solid with characteristics comparable to the four noted
above.

3.4 THIN SUBSTRATES
The preceding data in this section were for the bulk material, where (6) through (9) were
used in the calculations in (4) and (5). However, for thin substates, we used (17) and (18),
with equal substrate thicknesses of 𝑡1 = 𝑡2 = 1 mm. The results are shown in Figure 8.

Figure 8. Total heat flux at maximum modulation ratio for thin substrates.

As Figure 8 shows, several of the materials, such as KCl, RbCl, and BaF2, have a
significantly different behavior as a thin substrate, with the modulation ratios decreasing
but 𝑄 increasing. However, we found that NaF had minimal deviation from its bulk value,
remaining as the material with the greatest modulation ratio. As such, NaF is a more
desirable substrate material as it retains its relatively high modulation ratio whilst having a
19

considerably large 𝑄 for both bulk and thin configurations. Additionally, LiF also exhibits
the same relatively high modulation ratio. Hence, both NaF and LiF are excellent
candidates for deployment as thin substrates.

3.5 TEMPERATURE VARIATION
Using the four most promising candidates in the 100 nm to 200 nm bulk regimes, the
temperature variation was calculated. The separation distance for each material was fixed
at the corresponding 𝐷 value for maximum modulation ratio. The values of 𝜇𝑐 at the
maximum and minimum total heat flux are used to obtain the temperature variation in the
``on’’ and ``off’’ configurations, respectively. The variation is shown in Figure 9 and
Figure 10.

(a) “Off” configuration.

(a) “On” configuration.

Figure 9. Variation of total heat flux with temperature. The temperature of the receiving graphene was
fixed at 𝑇2 = 300 K and the temperature of the emitting graphene 𝑇1 is shown.
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Figure 10. Variation of modulation ratio with respect to temperature.

From Figure 9, we found that the transfer rate in the “on” configuration follows a linear
trend for 𝑇1 below 700 K, whereas the “off” configuration was nonlinear. This led to a
nonlinear behavior of the modulation ratio in Figure 10, where it monotonically decreases
as 𝑇1 increases.

3.6 DIELECTRIC FUNCTIONS
The four materials NaF, KCl, RbCl, and BaF2 provided the greatest values in modulation
ratio and total heat flux. Dielectric functions for the four substrate materials are shown in
Figure 11.

21

(a) NaF.

(b) KCl.

Figure 11. Dielectric functions for four substrates.

(c) RbCl.

(d) BaF2.

From Figure 11, we observed that a common characteristic among the four most promising
candidates are the values pass their peaks, where the real parts are close to unity and the
imaginary parts are negligibly small. This behavior follows closely to that of free space,
where ε = 1. As such, the four substrates are excellent candidates as they are the closest to
a graphene-in-free-space configuration, which, as Figure 7 shows, has very large values of
modulation ratio and total heat flux.
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4. CONCLUSION

Overall, our investigation yielded several promising candidates for substrates that can be
exploited for their relatively high modulation ratios. In particular, NaF, KCl, RbCl, and
BaF2 all exhibited both relatively high modulation ratios of over 15 and relatively high
total heat flux of over 105 W/m2, which are ideal for practical applications. However, for
thin substrates of 𝑡1 = 𝑡2 = 1 mm, the three materials KCl, RbCl, and BaF2 showed a
significant decrease in the modulation ratio, so greater thicknesses of those materials would
need to be used in order to obtain the ideal bulk characteristics. Thus, the material NaF is
the best candidate for design of a thermal switch as it has similar characteristics between
the thin and bulk configurations.
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APPENDIX

The contour plots for the various substrates are shown in Figure 12 for separation distances
from 100 nm to 200 nm.

(a) 4H SiC.

(b) AgBr.

(c) AgCl.
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(d) Ag.

(e) Al2O3.

(f) AlAs.

(g) Al.

27

(h) AlN.

(i) Au.

(j) BaF2.

(k) BeO.

28

(l) CaO.

(m) Co.

(n) CsBr.

(o) CsCl.
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(p) Cu.

(q) GaAs.

(r) GaN.

(s) GaP.

30

(t) hBN.

(u) HfO2.

(v) InAs.

(w) InP.
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(x) InSb.

(y) KBr.

(z) KCl.

(aa) KI.
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(ab) LiF.

(ac) MgO.

(ad) MnO.

(ae) NaBr.

33

(af) NaCl.

(ag) NaF.

(ah) NiO.

(ai) PZT.
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(aj) RbBr.

(ak) RbCl.

(al) SiO2.

(am) Ti.
Figure 12. Total heat flux and 𝑄/𝑄off contours for the substrates.
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